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Abstract. We study the decay of approximation numbers of compact compo- 
sition operators on the Dirichlet space. We give upper and lower bounds for 
these numbers. In particular, we improve on a result of O. El-Fallah, K. Kel- 
lay, M. Shabankhah and A. Youssfi,, on the set of contact points with the unit 
circle of a compact symbolic composition operator acting on the Dirichlet space 
T). We extend their results in two directions: first, the contact only takes place 
at the point 1. Moreover, the approximation numbers of the operator can be 
arbitrarily sub- exponentially small. 
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1 Introduction 

1.1 Organization of the paper. 

The paper deals with composition operators. This area is widely studied 
nowadays, on various spaces of analytic functions (Hardy, Bergman, Dirich- 
let... spaces): one may read for instance the monographs [l3] or [3] to get an 
overview on the subject until the nineties, and [S] or [S] for some recent results 
in the framework of the Dirichlet space. It seems natural to try to apply again 
some of the techniques used in the framework of Hardy or Bergman spaces. 
Nevertheless it is far from being that simple. Actually it often turns out that 
the Dirichlet space is one of the most difficult "classical" spaces to handle. For 
instance, a first difficulty appears at the very beginning of the theory: the 
composition operators are not necessarily bounded when we only require the 
symbol to belong to the Dirichlet space (whereas all the composition operators 
are bounded on the Hardy and the Bergman spaces). 
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The study of approximation numbers of composition operators acting on 
classical spaces of analytic functions (like the Hardy or the Bergman spaces) was 
initiated in [3] and [TU] by the three last named authors. In the present paper, 
we get interested in the same kind of questions but for composition operators 
acting on the Dirichlet space. Some results already appear in [5] (among other 
things), but we focus exclusively on this topic in the sequel. 

The notations and definitions are precised in the next subsection. 

In section 2, we show that some similar phenomena (as in Hardy and Bergman 
spaces) hold in the framework of Dirichlet spaces. More precisely, the approx- 
imation numbers of composition operators on the Dirichlet space cannot decay 
more rapidly than exponentially, and this speed of convergence can only be at- 
tained for symbols verifying ||(/'||cx) < 1 (see Theorem 12 . 1 1 and Theorem l2.2p . On 
the other hand, we investigate the extremal case and it turns out that Cip may 
have almost geometric decay (in particular belong to all Schatten classes) and 
may touch the boundary of the D (see Theorem 12. 8p . 

In section 3, we focus on composition operators whose symbol is a cusp map. 
It plays the same role in the theory as the lens maps in the theory of Hardy 
spaces. The rate of decay of its approximation numbers is given in Theorem 

At last, in section 4., we precise Theorem 12.81 and prove in Theorem [ITT] that 
the symbol (which will be the composition of a cusp map and a peak function) 
may belong to both the disk algebra and the Dirichlet space, and moreover meet 
the boundary precisely at {1} with a level set which is any compact set with 
zero logarithmic capacity. 

1.2 Notation and background. 

We denote by D the unit open disk of the complex plane and by A the 
normalized area measure dxdy/ir of D. The unit circle is denoted by T = 9D. 

A Schur function is an analytic self- map of D and the associated composition 
operator is defined, formally, by C'^{f) = f o ip. The function ip is called the 
symbol of . 

The Dirichlet space V is the space of analytic functions / : D ^ C such that: 

(1.1) 11/111,:= l./(0)P+ / \f'iz)\'dAiz)<+oo. 

Jo 

If /(^) = Y.n=0 "^n^"' 

OO 

(1-2) l!/llp = |co|' + E^I^"l'- 

n=l 

Then |j ||x) is a norm on V, making V a Hilbert space. We consider its subspace 
P*, consisting of functions f G T) such that /(O) = 0. In this paper, we call 
the Dirichlet space. For further information on the Dirichlet space, the reader 
may see [T] or |13j . 
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Recall that, whereas every Schur function generates a bounded composi- 
tion operator on the Hardy or Bergman spaces, it is no longer the case for 
the Dirichlet space (see [TT], Proposition 3.12, for instance). 

The Bergman space *B is the space of analytic fmrctions /: D ^ C such 
that: 

/ \f{z)\'dA(z)<+^. 
Jo 

If /(^) = EZo cm-, one has ||/!|| = ^^=0 

We denote by S'„ the truncation operator: if f{z) = '^fe •^'^ 

then 

n 

(1.3) (5„/)(z) = 5]cfcZ^ 

k=l 

The Carleson window centered at ^ e T and of size h e (0, 1) is defined as: 

(1.4) S{^,h)^{zeB; \z-^\<h}. 

The notation A < B (equivalently B > A) means that A < C S for some 
constant C > 0, and A Ri B means that we have both A < B and B < A. 

2 Approximation numbers in the general case 

2.1 Geometric decay of the approximation numbers 

We saw in [9] , that the approximation numbers of composition operators on 
the Hardy space as well as on the (weighted) Bergman spaces ^Bq,, a > — 1, 
cannot decay more rapidly than exponentially, and that this speed of conver- 
gence can only be attained for symbols mapping the unit disk D into a smaller 
disk rD, with < r < 1. In this section, we see that the same phenomenon 
holds for the Dirichlet space. The proofs will be adapted from those of [5]. 

Our first result is on the geometric decay. 

Theorem 2.1 Let </?: D — > D 6e an analytic self-map inducing a bounded com- 
position operator on I?*. Then, there exist positive constants c',c > and 
< r < 1 such that the approximation numbers of the composition operator 
Cip : 2?* — > 2?, satisfy: 

(2.1) c'V^II^II^ >a„(C^)>cr", n = l,2,... 

Proof. We introduce two notations. First, we set, for any operator T on some 
Hilbert space H: 

(2.2) /3(T) = liminf [a„(T)]'/". 
Next, let 
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1 - \(p{z)\^ 

be the pseudo-hyperbolic derivative of cp; we set: 

(2.3) M=sup|^#(z)| = ||^#|U. 

Note that [(^s] < 1, by the Schwarz-Pick inequahty. 

The upper bound is easy. We niay assume that ||iy9||oo < 1- Note that, since 
C^p is bounded on V^, we have ip'' = C^{z^) e V^. Then: 

k—7i 

oo „ 

= / k\ip'-'izr\ip'iz)\^dA{z) 
Y,k\^''~\z)\^\^'{z)\^dA{z) 

k—n 
P oo 

<xMn||(^||L"ll¥'ll?,, 

(we used that ET=nkp'-' = (Er=„P'=)' = ^"'^^"4^^^^' < IT^-P""\ 
with p = implying 

(2.4) a«(C^)< 
and /3(C^) < 

OO ■ 

For the lower bound in (|2.ip . we shall prove that: 

(2.5) M'</3(C^) < llv'lloo, 

which will give the result, since for each k < [(p]'^, there will be some constant 
Ck > such that a„(Cy) > k", n > 1. 

The inequality ([23]) is obtained as in the Hardy and Bergman cases in [9]. 
We may assume that C^p is compact on (since otherwise fi{Gp) = 1 and the 
result is trivial). Now, set (fiuiz) = jT^' " G 10. Then, if </? is a symbol with Ci^ 
compact on 2?* and a € B, let -0 = 4>ip[a)°V°4'a- Note that the compactness of 
on 2?* implies its compactness on T). Hence we can write = C^^ o o C^^^^j . 

Now, the relations V'(O) = 0, V''(0) = i^\\a\y^ ^ ~ f'^i'^) ^^^^ the diagrams: 



— ^ 2? — ^ 2? — ^ 2?* , 
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with s- a ^ , show that tjj G 2?* and that C^, is also 

compact on 2?*. Now we notice that, for any compact composition operator 
on I?* , the solution a of the Konig equation 

(7 o T = r'(0) cr , cr(0) = 0, cr'(O) = 1 

has to belong to 2?* as this would be the case for any Hilbert space of analytic 
functions on D. Hence, if ■(/''(O) = f'^ia) ^ 0, the sequence of eigenvalues of 
is ([?/;'(0)]")^^jj. It follows from Lemma 3.2 (which is an easy consequence of 

Weyl's inequality) that fi{C^) = /3{C^) > |(^*(a)|. Since this remains trivially 
true when (f'^ia) = 0, Theorem 12.11 is proved. □ 

Now, we shall see that the geometric decay can take place only for symbols 

if such that ||(y5||oo < 1- 

Theorem 2.2 Let a bounded composition operator on P*. Then for each 
r G (0, 1), there exists s ~ s{r) G (0, 1), with s{r) — > 1 as r — > 1, and such that: 

(2.6) ll¥'lloo>r =^ a„(C^)>4^- 

We shall see in the proof that we can take s = c^^'^ , with e = 27r/log 
(see (|2.9p . where s is changed into s^). 

Note that, in particular, with the notation (|2.2p . one has: 

ll¥'llco = l =^ /3(C^) = 1. 

The converse implication is true by (j2.5p . 

The proof follows the same pattern as in [5], with the following additional 
argument. 

Lemma 2.3 Let v be a probability measure, compactly carried by (p(Ji), and let 
: *B — > L^iv) be the canonical inclusion. Then, we have: 

To prove this lemma, we need another one. For / G ^(15) and < r < 1, 
we set as usual: 

Af(r,/)= sup |/(z)|. 

\z\=r 

We then have: 

Sublemma 2.4 Let g G 'H(D), not identically zero, and < r < 1. Then, there 
exists C > 0, depending only on g and r, such that: 

(2.7) M{r,f)<C\\fgU, ^fenm. 

Therefore, for each compact subset i C D, there exists a constant C = C{L,g) 
such that, for any f G 'W(D), one has: 

(2.8) ll/llc(L)<C||/.9ll<8- 
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C(L) 



Proof. Since the zeros of g are at most countable, we can find r < p < 1 such 
that g does not vanish on the circle of radius p. Hence there is some p.,. > 
such that: 

\g{a) \ > pr > for \a\ = p. 
Let S = 1 — p, f E H(B) and \a\ ~ p. By subharmonicity of we have: 

f^.\.f{a)\'<\.f{a)gia)f<^ [ \fg\^dA<^ [ \fg\'dA, 

" JD{a,S) JO 

whence A/(p,/) < C\\fg\\<s with C = l/{Spr)- But M(r,/) < M(p,/) by 
the maximum modulus principle, and we get (|2.7p . That ends the proof of 
SublemmaHH since if L C £)(0,r) and / € HiB), then |1/|1c(l) < M{rJ) < 
C \\fg\\<B by the maximum modulus principle again . □ 

Proof of Lemma 12.31 Let D : 05 be the differentiation operator (which 

is a unitary operator by definition of the norms of these spaces). We can write 
(see [9], proof of Lemma 3.5): v = for some probability measure a carried 

by a compact subset L of D. We then have, for any / € I?*, with help of 
Sublemma 12.41 applied to the non-zero function g = ip': 

\\R.^ fWhi.) = J \r\^du^ j^\f o^\^da<\\f 

<C^ f \fo^\^\^fdA = C'\\C%f\\l^. 
Jo 

This implies a„(i?yD) < Can{C^), or, equivalently, an{Rv) < Can(C^), since 
D is unitary. □ 

Recall now the following lemmas, borrowed from [5] (the first one will be 
used again latter, in Lemma l3.6p . 

Lemma 2.5 ([H|, Lemma 3.6) For every r S (0, 1) there exist s ~ s{r) < 1 and 
f = fr & H°° with the following properties: 

1) limr_>.j- s{r) ~ 1; 

2) ll/lloo < 1; 

3) /((0,r]) = sdJ3 in a one-to-one way. 
Explicitly, one has: 

(2.9) s = e-^^/2 with s = -^- 

log 

Note that in [5] , we defined e with the help of a parameter p, but -j-t^ 

Lemma 2.6 (see [9], Lemma 3.7 and its proof) Let < r < f and s he as in 

(j2.9p . Then, there exists a probability measure p carried by [0,r] such that, if 
: *8 — > L'^{p) is the canonical inclusion, one has, for every n>l: 
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Lemma 2.7 (see [S], Lemma 3.8 and its sequel) Let (p: H) ^ 3 be a Schur 
function and suppose that and r belong to <p(D). Then, for any probability 
measure ji carried by [0,r], there exists a probability measure v compactly car- 
ried by ip{W) such that 

a2n(i?^J < 2a„(i?i.) . 

Proof of Theorem 12.21 . The three lemmas put together give the result. 
Indeed, assume that ||<y5||oo > f- By making a rotation, we may assume that 
r E </3(ID). Let then /i be as in Lemma [2.61 and i' be as in Lemma [2.71 (that we 
may use since = <^(0) £ Using Lemma [2751 we obtain: 

\/2n 

and, changing s into s^, this ends the proof of Theorem 12.21 □ 



2.2 Extremal behavior 

In this section, we see that we may have very compact composition operators 
on 2?* whose image touches the boundary of D. 

Theorem 2.8 For every vanishing sequence {£n)n of positive numbers, there 
exists a symbol Lp with ||(^||oo = 1 find such that C'^ is compact on 2?*, but: 

(2.10) a„(C^) <e-"^". 

In particular, may be in all Schatten classes Sp(T>^,), p > 0, of the Dirichlet 
space. 

The result will follow from the forthcoming theorem, which is the analogue 
of Theorem 5.1 in [5]. 

Theorem 2.9 Let tp be a Schur function inducing a bounded composition op- 
erator on . Set: 

If °° 

(2.11) m{t) ^ ^ n^dA and Af (t) = V m(2"''i) . 

t J\w\>i-t 



fe=0 



Then: 



(2.12) a„(C^) < ^mf J7i(l - f)" + VMi) 

Proof. We shall need the following simple inequalities. 
1) For f €T>if and a G P, one has: 

(2.13) |/'(a)|< "^"^ 



l-|aP 
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This is clear by using the Cauchy-Schwarz inequahty or by using the formula 
/'(a) = (/, ^(o)) (where K is the reproducing kernel of 2?*). 
2) If 5 € and g = G' , then: 

(2.14) \\g\\v<\\z9\\v and j|G||i, < . 

This is obvious by inspection of coefficients. 

Let now R = C^pSn-i : 2?* — J- 1?* be the operator of rank < n defined by: 

i?(/)-E/w^'' 
fc=i 

so that (Cy - R){f) = C^{u) with: 

OO 

u{z) = ^J{k)z^ :=z"z;(z) 

k—n 

and V G v. 

Assume once and for all in the proof that ||/||-d < 1- Then ||u||-d < ||uj|-D < 
ll/lb<l- 

Fix < h < 1. We have, writing v = w' , u'{z) = nz" ^w'{z) + z"v'{z), and 
using ([2?T4| : 

UC^-R)if)\\l^\\CA^Wv= I \u'{z)\''n^{z)dA{z) 

Jo 

= f \u'{z)\^n4z)dA{z) 

+ I \u'{z)\''n^{z)dA{z) 

Jl-h<\z\<l 

<n^{l-hf" f \w'{z)fn^{z)dA{z) 

J\z\<l-h 

+ il-hf" [ \v'{z)fn^iz)dAiz) 

J\z\<l-h 

+ [ \u'{z)\^n^{z)dA{z) 

Jl-h<\z\<l 

■■= h + h+h- 
Clearly, using that \\w\\xi < ||wj|-D < 1, we have: 

h < n^l - hf^C^iw)\\l < n\l - 
Similarly, we have: 

/2<(l-/^)'"||C^(^^)|||,<(l-/^f". 
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We estimate J3 by splitting into dyadic annuli: /a = X]fc!Lo Jk with: 
Jfc= / \u'{z)\''n^{z)dA{z). 

J l-2-*'h<\z\<l-2-*'-^h 

We now use the pointwise estimate (|2.13p to get: 

' ^ ^' -(i-N)^-(i-N)^ 

In view of (|2.9p , this gives an estimate of the form: 

Jk < 4'''/i"^ / n^{z) dA{z) = m{2-''h) . 

Summing up, we get /a < M{h). It follows that 

\\iC^-Rmf<[n\l-hr^ + M{h)]. 

Taking the supremum on /. and then square roots, we then get: 

a„{C^) <\\C^- R\\ < Hi - hT + VWh)]. 

Finally, taking the infimum on ft,, we end the proof of Theorem 12.91 □ 

Remark. In [5] (Theorem 4.1), we proved in the opposite direction, following 
[3], that a composition operator on the weighted Bergman space *Ba may be 
compact, but no little more. It is likely that the same occurs in I?*, namely that 
for every vanishing sequence (£„)„ of positive numbers, there exists a symbol 
ip such that is compact on 'D.^, and for which lim inf „_j.oo > (in 

particular, if it happens to be true, we might have C,^ compact and in no 
Schatten class 5p(2?*), p < 00, of the Dirichlet space). But we do not succeed 
in proving that. 

3 Approximation numbers of the cusp map 

In [To] , it is shown that there is a composition operator : , 
whose symbol is called the cusp map, defined on the Hardy space, such that, 
for some constants ci > C2 > 0, one has: 

(3.1) e-"i"/'°sn<a^(c^.^2^^2^<^-c.«/iog„^ n = 2,3,.... 

In [5], we proved that every composition operator which is compact on the 
Dirichlet space is in all Schatten classes Sp{H'^), p > 0, on the Hardy space. 
Therefore the approximation numbers of : -> must be (much) smaller 
than those of Cip : 2?* — > 2?* . The next theorem gives, for the cusp map, this 
order of smallness. 
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Theorem 3.1 Letx be the cusp map. There exist two constants < c' < c such 
that the approximation numbers a„(C^) of the associated composition operator 
Cy^: ^ satisfy: 

(3.2) e-'"^ <an{C^:V,^ V, ^ n=l,2,.... 

Recall the definition of the cusp map x, introduced in [5], and later used, 
with a slightly different definition in [10]. Actually, as in [8], we have to modify 
it slightly again in order to have x(0) = 0. We first define: 

/ z — i \ 1/2 

/ \ Viz — 1/ 
Xo{z) = - 



iz — 1 



1/2 

+ 1 



we note that xo(l) = 0, x(-l) = 1, Xo(i) = Xo(-j) = and xo(0) = \/2- 1. 
Then we set: 

Xi(z) = logxoC^), X2(z) --Xi(^) + 1, X3(^) = — 7"^' 

X2(z) 

and finally: 

Xiz) = 1 - X3{z) , 

where: 

(3.3) a = l--log(x/2-l)e (1,2) 

TT 

is chosen in order that x(0) = 0. The image 51 of the (univalent) cusp map is 
formed by the intersection of the inside of the disk D{l — fjf ) and the outside 
of the two disks D(l + f ,f) and D{l - f ,f). 

3.1 Proof of the upper bound of Theorem 13.11 

We need some lemmas. 
Lemma 3.2 We have: 

(3.4) !lx"!li'<C^'^"', 

for every n > 1, where C and S are positive numerical constants. 
Proof. Since x is univalent, we have, for every < h < 1: 

\\X"\\1 = / n2|u;|2"-2^^(^) <n^{l- /i)^"-^ + „2 /" n^(w)dA{w) 

Jn J\w\>i-h 

But n^(w) (iA(w) is the area of x(P) ^ {\w\ > 1 — h}; since xi^) is 

delimited at the cuspsidal point 1 by two circular arcs, this area is « h^. We 
get hence: 

\\x"\\v<n[c-^^'^ + h'/']. 
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The choice h = 2(logn/n) gives |lx"|lx) ^ n ^/^(logn)'^/^ and hence the lemma, 
with any 5 <l/2. □ 

An immediate corollary, in which Sn denotes the operator of iVth-partial 
sum, as defined in (|1.3p . is the following. 



Corollary 3.3 We have: 



Proof. Using the Hilbert-Schmidt norm, we get: 

-■x ~ ^x^nWhs = X/ 



Cv - C^SnW^ < \\Cx - C^^SnWhs - ^ "'^^ 

n>N 



"11 2 



n 



-2S 



□ 



n>N 



Now, the idea for majorizing a„(C^) is to write, for every operator R with 
rank < n: 

\\C^ - R\\ <\\C^- C^SnW + WC^Sn - R\\ , 
which gives, taking the infimum over all such R: 

(3.5) a„(Cx) <\\C^- C^SnW + aUC^SN) • 
Using the corollary, we get: 

(3.6) a„(Cx) < N-^ + an{C^SN) 
and our goal is to give a good upper bound of an{C^^SN)- 
Lemma 3.4 For some numerical constant e > 0, we have: 

(3.7) aniC^SN) < VNc^'^\ 
With this estimation, we get: 

an(Cx) ^ + VNc-"^'] 
and, by adjusting N = [e^^] , we obtain the upper bound in (|3.2p . 

Proof of Lemma l3.4l To prove (|3.7p . we shall replace C^Sn by a "dominating" 
operator. 

We begin with observing that, if f{z) = X^jli Cj-Z"' S 2^*, we have by the 
change of variable formula, setting dfi = dA = i^eo) dA: 



IC^X^NfWv 



(3.8) 



N 

i=i 

N 

i=i 



n^iw) dA(w) 



dii(w) . 
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Now, denote by Ajv : 2?* ^ H'^ the map defined by: 

JV 

i=i 

Observe that: 

j=i j=i 

so that llAjvIl < VN- 

Let also J be the canonical inclusion J: L^il^)- The equality p.Sp 

reads HCx^Ar/Hlj — || JAjv/||i2(^); therefore there is a contraction Cat: X>* — >■ 
I?* such that 

(3.9) C^^jv = CnJ^n ■ 

The ideal property of approximation numbers now implies: 

an{C^SN) = a„(Cjv JAw) < ||Cjv|| • a„(J) • ||AAr|| < ^/N a„{J) , 

and we are left with the task of majorizing a„(J). To that effect, we use the 
Gelfand numbers c„ ([12] or [2]). Recall that if T: X — ?> X is an operator on 
some Banach space X, then c„(T) = inf{||T|2-|| ; Z C X, codimZ < n}, and if 
X = is a Hilbert space, then Cn{T) = a„(r). 

Let i? be a Blaschke product of length < n, let E = BH^ which is a subspace 
of of codimension < n. We have: 

a„(J) = C„(J) < II J|£;|| . 

The majorization is then made using the Carleson embedding theorem. Let 
r be the greatest integer < ^Jn, and Bq a Blaschke product with r zeros well 
distributed on the interval (0, 1). More precisely, Bq has its zeros at the points 

Zj = l-2"^ l<j<r. 

Set = x(D) and observe that: 

(3.10) z e and ^Hez > 1 - /i =^ \3u\z\<h'^ 

(3.11) A[S{^, h)r\n]< for every ^ e T. 

Let now B = Bq. This is a Blaschke product of length < n. Using the 
Carleson embedding theorem (for the measure d/x = n-^ dA), as in [5] and [10) . 
and the univalence of x, we get: 

(3.12) ll^|£ll'< sup \B\^dA. 

o<h<i, 151=1 Js(5,/i)nn 
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To estimate the supremum in the right-hand side of p.l2p . we may assume that 
/i = 2~' and we separate two cases. 

• I > r. Then, using (|3.1ip and the fact that \B\ < 1, we have: 

(3.13) 1/ IBI"" dA < I = = 2-^' < 

"Js(c,h)nn " 

• I < r. Then, we have: 
"is(?,/i)nn " J{|z-i|<2-'-}no 



3=1+1 



where Cj is the annulus 



Q = {z e D; 2-^ <\z-l\< 2-^+^}. 

The first term is handled as before. Now, since f2 is contained in some sector 
1 — |z| > 5 |1 — z|, we have, for z G Cj O il: 

l~\z\>52^^ and 1 ~ \zj\ ^ 2'^ 

whereas 

\z- Zj\ = \z-1 + 2-^ < |2 - 1| + 2-^ < 3.2^^'. 
This imphes that, for some absolute constant M > 0: 

\z - Zj\< M min(l -\z\,l- \zj\) 

and, by [7], Lemma 2.3, the j-th factor of Bq is, in modulus, less than k = 
< 1. Therefore \B\ = \B'o\ < k'' on all sets C-j n 17, so that 

±\[ \B\^dA<±\f .-^dA 

< 2^ A\S{i,2-^)\ < k2'-2'2-2' < K^'-. 



This finally shows, thanks to p.l2p and p.l3p . that j|J|£;|| < k^, or, in 
setting K = e"*^, that (recall that r is the greatest integer < ^/n, and hence 
r « ,/n): 

\\J\e\\<c-'^. 

This proves (|3.7p and ends the proof of the upper bound in Theorem 13.11 □ 
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3.2 Proof of the lower bound of Theorem 13.11 

Recall that /i is the measure = dA and that Q. = x{P)- 
Consider the diagram 

in which 

is the "primitivation" operator and D is the differentiation operator. We have: 

DCxP/= (/ox) x'. 
We note that, by definition of the norms, ||P|| < 1. For < h < 1 fixed, let also: 

R: L°°([0, 

be the canonical injection. 

The rest of the proof consists of two steps, the first of which consists of 
showing that a„(C^) is not much smaller than a„(i?). 

Lemma 3.5 We have: 

h? 

an{Cy.) > — a„(i?) . 
Proof. We first notice that, if / G ^ and < .t < 1 — ft,, we have: 

(3.14) \\R{f)\\L-([o,i-h]) < 

To that effect, we observe that (recall that a £ (1, 2) in defined in (|3.3p '): 

(3.15) 0<h<a-l and 0<x<l-h =^ D{x, h'^ /4a) C il . 

Indeed, ii z ^ u + iv G D{x, h^/Aa) and < x < 1 — /i, we have 1 — u > 
h - {h'^/Aa) > h/2, as well as \v\ < h?/4a, and: 

^{l-uf+[y~-) >— + v--a\v\ + —>—- 

Similarly |z— (l — ^) I > |. Moreover, since 1 — | < | — /i, we have |z— (l — |) | < 

|z - x| + |a: - (1 - f ) I < 1^ + f - /i< f . Hence z & VL. 
Therefore, by subharmonicity of the function |/p: 
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which proves p.l4p . 

Let now f € H'^ and g = P / e P*, so that f = 'Dg. As follows from (|3.14p 
and from the change of variable formula, we have: 

WRfWl <^l^ \f{w)fn^{w) dA{w) = g ^ \Bg{w)fn^{w) dA{w) 

= gllQP/lll,- 
Therefore, there exists C: ^ L°°{[0, 1 — h]) such that: 

i? = CCxP and ||C||<-^- 
All this implies, by the ideal property of approximation numbers: 



an{R)<\\C\\ar,iC^)\\F\\<—a^iC^), 



4 

which ends the proof of Lemma 13.51 □ 

The second step consists of a minoration of a„(i?), which uses the comparison 
with Bernstein numbers and a good choice of an n-dimensional space E. 

Lemma 3.6 Let < r < 1 and s as in (12.91). We have: 



s 

a„(i?) > 

Recall (see [H] for example) that, if X and Y are two Banach spaces, and 
T : X Y is EL compact operator, the n-th Bernstein number of T is: 

b„{T)= sup inf l|r/j|, 

dim_E=n/t'5-B 

where Se denotes the unit sphere of E, and we have: 
(3.16) a„(T)>fe„(T). 

Proof of Lemma 13.61 Let / = be as in Lemma [2.51 and write r = 1 — h. 
Consider the n-dimensional space 

[1,/,...,/"-!], 

and let g = Y^^=o ^ ^ with ||.g||oo = 1- By Lemma [2.51 and the Cauchy- 

Schwarz inequality, we have: 

n— 1 n— 1 n—1 

0=0 j=0 j=0 
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On the other hand, Lemma [33] again gives us: 



1^(3)11 



> 



3=0 
n-1 

El 



n-1 



> 

L°°(T) 
1/2 

> s" 



E 

3=0 
n-1 

(Ek 



a^ S-' e ■ 



L2(T) 



1/2 



3=0 



> 



Therefore, &„(i?) > s' 



Using (|3.16p . we get a„(i?) > 



as welL 



□ 



Let us now indicate how Lemma l3.5l and Lemma 13 . 61 allow to finish the proof. 



Write h = e where A > 0. Then, with the notation 



we have: 



2tt 



e = 



< 



1 



1 



1 



and 



logii^^log^ log(l//i) A 

c/A 



s > c 

for some constant c > 0. Therefore Lemma 



give: 



and Lemma [ 

dniC^) > h\n{R) > > e-^'(^+"/^). 

The optimal choice A ~ ^/n gives the lower bound in Theorem l3.1l 



□ 



Remark: One sees that the approximation numbers of C^^ behave quite differ- 
ently on the Hardy space (like e~^"/ logn^ ^^^^ Dirichlet space 
(like e""^^). This seems to be due to the following. On the Hardy space, the 
important fact is the parametrization 1 1— >■ x(e'*) where logarithms are involved. 
On the Dirichlet space, we only need to know the geometry of xO^)i ^ domain 
limited by three circles, where logarithms are no longer involved. 



4 Capacity of the set of contact points 

Here is now the improvement of a theorem in (0) in terms of approximation 
numbers (see also [S], Theorem 4.1). This improvement is definitely optimal in 
view of our previous Theorem l2.2[ stating that, for every bounded composition 
operator on 2?* of symbol (p, one has: 



1 =^ PiC^) := liminf[(a„(C^)]i/" = 1. 



Recall the following notation, where ip belongs to the disk algebra A(D). i.e. 
the space of continuous functions / : D — >■ C which are analytic in D: 

ii;^ = {e"eT; |(p(e'*)| = l}. 
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Theorem 4.1 Let K he a compact set of the circle T with logarithmic capacity 
Cap A' = 0, and {en)n o, sequence of positive numbers with limit 0. Then, there 
exists a Schur function ip generating a composition operator C^p bounded on T) 
and with the following properties: 

1) ipe A{B) n V, the "Dirichlet algebra"; 

2) E^^K and = {c^* e T ; ip{c'^) = 1}; 

3) a„(C^) < e~"^" for all n > 1. 

Before proving this theorem, we need two results [5]. The first one is the 
existence of a pecuhar peaking function. Recall that a function q G Aip) is 
said to peak on a compact subset K C 83, and is called a peaking function, if: 
q{z) = lioT z e K and \q{z)\ < 1 for z G D \ AT. 

Theorem 4.2 ([8] Theorem 4.2) For every compact set K C dD of logarith- 
mic capacity Cap A' = 0, there exists a Schur function q G A(B) H 2?* which 
peaks on K and such that the composition operator Cq: — > 2?* is bounded 
(and even Hilbert- Schmidt). 

The other one is a lemma borrowed from the proof of Theorem 3.3 in [S]. 

Lemma 4.3 Let S: (0, 1) — > (0, oo) be a positive function with lim;i_5.o S{h) = 0. 
Then, there exists a univalent Schur function 7 G A{I]i) such that 7(1) = 1 and 
that: 

(4.1) / n^{w) dA{w) = A[j{]D) {w; I - h < \w\ < 1}] < S{h) . 

J\w\>l-h 

Proof of Theorem 14. ll It suffices to use Lemma to construct a generalized 
cusp map 7 in order to have a„(C^) < c""*^". Indeed, we then compose this 
generalized cusp map 7 with a symbol q peaking on A", as given by Theorem l4.2| 
namely consider ip ~ j o q. Then, we know that E^ = {c'* ; f{e^^) = 1} = K. 
Moreover, Cip = Cq o C^, so that, using the fact that ||Cq|| < 00: 

an{C^)<\\Cq\\a„{C^)<e-^'" . 

It remains to find such a generalized cusp map 7. Set: 

n 

Let $ be a positive, continuous, concave, and increasing function $ : [0, 1] 
[0, 1] such that $(0) = and <I>(l/n) > (5„. Let * = By Lemma gll we 

can adjust 7 so as to have, using the notation (|2.1ip : 

m{h) < hp^{h) , 

where 
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Note that p is increasing. We then see that: 

oo 

M{h) <^2-^hp^{2-^h) < hp^{h) < p^{h) 

and, plugging that in (|2.12p . we get: 
au{Cj) < ^ inf ^ [n(l - /i)" + p{h)] < ^ inf 



nexp(— n/i) + exp f — 



0<h<l ~ 0<h<l 

In particular, if we choose h = $(l/n), we obtain: 

e 

In view of the initial observation, this ends the proof of Theorem 14.11 □ 
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